
1. Let 𝐹௡ be the 𝑛th Fibonacci number where 𝑛 is a positive integer. You are given that 
𝐹ଵ ൌ 1, 𝐹ଶ ൌ 1, and 𝐹௡ ൌ 𝐹௡ିଵ ൅ 𝐹௡ିଶ for any 𝑛 ൒ 3. Prove using mathematical 
induction that 𝐹ଷ௔ is even for all positive integers 𝑎, i.e. 𝐹ଷ, 𝐹଺, 𝐹ଽ, ⋯ are even. 
(You may use the fact that 2𝑐 is even for any integer 𝑐, and that the sum of two even 
integers is even.) 
 

2. Let ሼ𝑢௡ሽ be an arithmetic sequence with common difference 𝑑. Prove using 

mathematical induction that 𝑢ଵ ൅ 𝑢ଶ ൅ ⋯ ൅ 𝑢௡ ൌ
௡

ଶ
ሺ𝑢ଵ ൅ 𝑢௡ሻ. 

 

3. Use mathematical induction to prove that 
ௗ

ௗ௫
ሺെcos௡ሺ𝑥ሻሻ ൌ

௡

ଶ
sinሺ2𝑥ሻ cos௡ିଶሺ𝑥ሻ for all 

positive integers 𝑛. 
 

4. Use mathematical induction to prove that the sum of 𝑛 terms of a finite geometric 

sequence is 
௨భሺଵି௥೙ሻ

ଵି௥
, where 𝑢ଵ is the first term of the sequence and 𝑟 is the common 

multiplier. 

 

 
5. Prove, by mathematical induction, that 

cosሺ2𝑥ሻ cosሺ2ଶ𝑥ሻ cosሺ2ଷ𝑥ሻ ⋯ cosሺ2௡𝑥ሻ ൌ
sinሺ2௡ାଵ𝑥ሻ
2௡ sinሺ2𝑥ሻ

 

for all positive integers 𝑛. 
 

6. Let 𝑅ଶ ൌ 𝑒௫, 𝑅ଷ ൌ 𝑥௘ೣ
, 𝑅ସ ൌ 𝑒௫೐ೣ

 etc., i.e. let 𝑅௡ be the iteration of this pattern which 
has 𝑛 െ 1 exponents for any integer 𝑛 ൒ 2. If 𝑛 is even, the base is 𝑒; if 𝑛 is odd, the 
base is 𝑥. 

a. [6] Show that 
ௗ

ௗ௫
𝑅ଷ ൌ 𝑅ଷ𝑅ଶ ቀଵ

௫
൅ ln 𝑥ቁ. (Hint: let 𝑦 ൌ 𝑅ଷ and begin by taking 

both sides to the natural logarithm.) 

b. [2] Hence show that 
ௗ

ௗ௫
𝑅ସ ൌ 𝑅ସ𝑅ଷ𝑅ଶ ቀଵ

௫
൅ ln 𝑥ቁ. 

c. [5] Using mathematical induction, prove that if 𝑛 is even and 𝑛 ൒ 4, then 

𝑑
𝑑𝑥

𝑅௡ ൌ 𝑅௡ ൬
𝑑

𝑑𝑥
𝑅௡ିଵ൰ 

 (Hint: for the inductive step, show that 𝑃ሺ𝑘 ൅ 2ሻ is true.) 

d. [8] Using mathematical induction, prove that if 𝑛 is odd and 𝑛 ൒ 3, then 

𝑑
𝑑𝑥

𝑅௡ ൌ 𝑅௡𝑅௡ିଵ ቌ
1
𝑥

൅ 𝑅௡ିଶ𝑅௡ିଷ ln 𝑥 ൭
1
𝑥

൅ 𝑅௡ିସ𝑅௡ିହ ln 𝑥 ⋯ ቆ
1
𝑥

൅ 𝑅ଷ𝑅ଶ ln 𝑥 ൬
1
𝑥

൅ ln 𝑥൰ቇ൱ቍ. 


